Let G be a nontrivial connected graph of order n and k an integer with 2 ≤ k ≤ n.
Introduction
We follow the terminology and notation of [1] and all graphs considered here are always simple. As usual, we denote the numbers of vertices and edges in G by v(G) and e(G), and these two basic parameters are called the order and size of G, respectively. Let X be a set of vertices of G and G[X] the subgraph of G whose vertex set is X and whose edge set consists of all edges of G which have both ends in X. A stable set in a graph is a set of vertices no two of which are adjacent. The connectivity κ(G) of a graph G is defined as the minimum cardinality of a set Q of vertices of G such that G − Q is disconnected or trivial. A well-known theorem of Whitney [4] provides an equivalent definition of the connectivity. For each 2-subset S = {u, v} of vertices of G, let κ(S) denote the maximum number of internally disjoint uv-paths in G. Then κ(G) =min{κ(S)}, where the minimum is taken over all 2-subsets S of V (G).
In [2] , the authors generalized the concept of connectivity. Let G be a nontrivial connected graph of order n and k an integer with 2 ≤ k ≤ n. For a set S of k vertices of G, let κ(S) denote the maximum number ℓ of edge-disjoint trees T 1 , T 2 , . . . , T ℓ in G such that V (T i ) ∩ V (T j ) = S for every pair i, j of distinct integers with 1 ≤ i, j ≤ ℓ (note that the trees are vertex-disjoint in G\S). A collection {T 1 , T 2 , . . . , T ℓ } of trees in G with this property is called an internally disjoint set of trees connecting S. The k-connectivity, denoted by κ k (G), of G is then defined by κ k (G) =min{κ(S)}, where the minimum is taken over all k-subsets S of V (G). Thus, κ 2 (G) = κ(G).
In [3] , we focused on the investigation of κ 3 (G) and mainly studied the relationship between the 2-connectivity and the 3-connectivity of a graph. We gave sharp upper and lower bounds for κ 3 (G) for general graphs G, and showed that if G is a connected planar graph, then κ(G) − 1 ≤ κ 3 (G) ≤ κ(G). Moreover, we studied the algorithmic aspects for κ 3 (G) and gave an algorithm to determine κ 3 (G) for a general graph G.
In this paper, we will turn to determining the minimal number of edges of a graph G with κ 3 = 2. For a graph G of order v(G) and size e(G) with κ 3 (G) = 2, we obtain that e(G) ≥ 6 5 v(G), and the lower bound is sharp by constructing a class of graphs which attain the lower bound. Note that for a graph G of order v(G) and size e(G) with κ(G) = 2, we only have e(G) ≥ v(G), and a cycle of this order attains the lower bound.
Lower bound
Before proceeding, we recall a result in [3] , which will be used frequently in the sequel. 
Since every vertex of Y has degree at least 3 in G,
Combining (1) with (2), we have
n. The proof is complete. Thus we may assume that G is isomorphic to Figure 1 . Then observe that it is impossible to find two internally-disjoint trees connecting the vertices x 1 , x 2 and x 4 , contrary to our assumption. 
Case 2: For some two vertices y i and y j in Y , at least two vertices in X are adjacent to both y i and y j , where 1 ≤ i = j ≤ 6. Since G is connected, we can get that only two vertices in X are adjacent to both y i and y j . Then we may assume that G is isomorphic to Figure 2 . Now consider the three vertices x 1 , x 3 and x 5 and we can get κ 3 (G) = 1, contrary to our assumption. 
The proof is complete.
Next we will show that the lower bound given in Proposition 2.1 is essentially best possible. For this, we construct a class of graphs attaining the lower bound.
Before proceeding, we want to give some notions. For any two integers a and k ≥ 1,
Denote by |C| and |P | the lengths of a cycle C and a path P , respectively. Lemma 2.3. For a positive integer k = 2, let C = x 1 y 1 x 2 y 2 . . . x 2k y 2k x 1 be a cycle of length 4k. Add k new vertices z 1 , z 2 , . . . , z k to C, and join z i to x i and x i+k , for
The resulting graph is denoted by H. Then, the 3-connectivity of H is 2, namely, κ 3 (H) = 2.
Since
x b+k Cx c+k and x c+k Cx b . Actually, it is easy to see that no matter which segment x a lies in, the situations are equivalent. Therefore, without loss of generality, we may assume that x a ∈ V (x b Cx c ). We have T 1 = x a Cx c Cx b+k z b ∪ x c z c and T 2 = z c x c+k Cx b Cx a ∪ x b z b are two internally disjoint trees connecting S. Note that this case includes the situation that x a is exactly x b or x c .
Next we consider the cases in which S contains the vertices in V 3 .
Case 5: S = {y a , y b , y c }, where 1 ≤ a < b < c ≤ 2k.
Clearly, in this case, k is a positive integer at least 3. Among the three segments y a Cy b , y b Cy c and y c Cy a of C, at least one of them has length not more than |C|/3. We may assume that |y a Cy b | ≤ |C|/3 = 4k/3. Moreover, observe that x a+1 lies between y a and y b . We have y b ∈ V (x a+1 Cx [a+1+k] 2k ), since |x a+1 Cy b | < |y a Cy b | ≤ 4k/3 and
. There is at least one vertex x b+1 between y b and y c . Since
Cŷ a ). We can find two internally disjoint trees con- 
. So we can find two internally disjoint trees connecting S:
Case 7: S = {y a , y b , z c }, where 1 ≤ a < b ≤ 2k and 1 ≤ c ≤ k.
So y a , y b and z c are exactly y 1 , y 2 and z 1 , respectively. Now T 1 = y 2 x 1 y 1 ∪ x 1 z 1 and T 2 = y 1 x 2 y 2 ∪ x 2 z 1 are two internally disjoint trees connecting S.
Otherwise, k ≥ 3, since k = 2. We know that y a , y b divide C into two segments y a Cy b , y b Cy a , and z c has two neighbors x c and x c+k .
Subcase 7.1: x c and x c+k lie in distinct segments. Suppose that x c ∈ V (y a Cy b ) and
internally disjoint trees connecting S.
Subcase 7.2: x c and x c+k lie in the same segment. Without loss of generality, we may assume that x c , x c+k ∈ V (y b Cy a ) and they occur in cyclic order y a , y b , x c , x c+k on C.
Subsubcase 7.2.1: Between y a and y b , there are at least two vertices in V 1 . Clearly
2k and x c+k are the cyclic order in which they occur on C. So we can find two internally disjoint trees connecting S:
Cx c+k Cy a ∪x c+k z c . Let
x c z c are two internally disjoint trees connecting S. Otherwise,
It is easy to see that the two situations are actually equivalent. So we only consider the former. We can find two internally disjoint trees connecting S:
. We can find two internally disjoint trees connecting
Case 9: S = {y a , z b , z c }, where 1 ≤ a ≤ 2k and 1 ≤ b < c ≤ k.
Observe that x b , x c , x b+k and x c+k divide the cycle into four segments x b Cx c , x c Cx b+k ,
x b+k Cx c+k and x c+k Cx b . Actually, no matter which segment y a lies in, the situations are equivalent. So without loss of generality, we may assume that y a ∈ V (x b Cx c ). Now The proof is complete. Now, we can obtain our main result. n and the lower bound is sharp.
